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I Abstract: For n ^ 3, we study the Cauchy problem for the fourth order non- 

' linear Schrodinger equations, for which the existence of the scattering operators and 

■ the global well-posedness of solutions with small data in Besov spaces -Bl are 

. obtained. In one spatial dimension, we get the global well-posedness result with 

I small data in the critical homogeneous Besov spaces -Bf i- a by-product, the ex- 

' istence of the scattering operators with small data is also obtained. In order to show 

' these results, the global version of the estimates for the maximal functions and the 

I— i. local smoothing effects on the fourth order Schrodinger semi-groups are established. 
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^ ■ 1 Introduction 
> • 

CSJ I In the present paper, we consider the Cauchy problem for the fourth order non- 

' linear Schrodinger equations with derivatives (4NLS) 

mt + A^'u-eAn = F((a^n)|„|^3,(9»|„|^3), u(0,x) = uo{x), (1.1) 

o ; 

00 ' where e G {0, 1}, n is a complex valued function of (t, x) e M x R", 

o : 



- T— I ■ 



F : Cs" +^n+^ — , C is a polynomial of the form 

m+l^\f3\^M+l 

m, M £ N will be given below. 

The fourth order nonlinear Schrodinger equation, including its special forms, 
arise in deep water wave dynamics, plasma physics, optical communications (see [6]). 
A large amount of work has been devoted to the Cauchy problem of dispersive 
equations, such as [1,3-5,7,8,10,12-16,18-27,29] and references therein. In [25], by 
using the method of Fourier restriction norm, Segata studied a special fourth order 
nonlinear Schrodinger equation in one dimensional space. And the results have been 
improved in [13,26]. 

In order to study the influence of higher order dispersion on solitary waves, 
instability and the collapse phenomena, Karpman introduced a class of nonlinear 
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Schrodinger equations (see [14]) 

i^t + ^A^ + ^A^^- + /(I'f = 0. 

In [1], Ben-Artzi, Koch and Saut discussed the sharp space-time decay properties 
of fundamental solutions to the linear equation 

i^t - eA^ + A^^I- = 0, e G {-1,0, 1}. 

In [8], Guo and Wang considered the existence and scattering theory for the 
Cauchy problem of nonlinear Schrodinger equations with the form 

iut + {-A)"'u + f{u) = 0, u{0,x) = (p{x). (1.3) 

where m ^ 1 is an integer. Pecher and Wahl in [24] proved the existence of classical 
global solutions of ()1.3p for the space dimensions n ^ 7m for the case m ^ 1. 
In [10], Hao, Hsiao and Wang discussed the local well-posedness of the Cauchy 
problem (jl.Sp for the large initial data for m = 2 and f{u) = P{{diu)j<^2, {diu)j^2) 
in one dimension. 

In [11], Hao, Hsiao and Wang considered the equation 

idtu = A^-eAu + P{{d^u)\^\^2,{d^u)\^\<i2), n(0, x) = <^(x). (1.4) 

in multi-dimensional cases with e = —1,0,1, where they obtained the local well- 
posedness for the Cauchy problem (II. 4p for the large initial data. 

In [20], Kenig, Ponce and Vega studied the nonlinear Schrodinger equation of 
the form 

dtu = lAu + P{u, u, V^u, V^u), t £R, x G M" 

and proved that the corresponding Cauchy problem is locally well-posed for small 
data in the Sobolev spaces H^(M.'^) and in its weighted version by pushing forward 
the linear estimates associated with the Schrodinger group {e**^}!^j^ and by intro- 
ducing suitable function spaces where these estimates act naturally. They also stud- 
ied generalized nonlinear Schrodinger equations in [21] and quasi- linear Schrodinger 
equations in [22]. In one dimensional case, the smallness assumption on the size of 
the data was removed by Hayashi and Ozawa [12] by using a change of variables 
to obtain an equivalent system with a nonlinear term independent of dxU, where 
the new system could be treated by the standard energy method. In [4], Chihara 
was able to remove the size restriction on the data in any dimensions by using an 
invertible classical pseudo-differential operator of order zero. 
In [33], Wang and Wang discussed 

iut + A±u = F{u,u,Vu,Vu), u{0,x)=uo{x) (1-5) 

where A±u = Y17=i^i^Xi'^ ^^'^ ^ They established an estimate for 

the global maximal function and proved (jl.Sp is global well-posed. Moreover, t+he 
existence of the scattering operators to ()1.5p with small data in Besov space -Bf 
are obtained. 

In this paper, we mainly use the dispersive smoothing effects of the linear 
Schrodinger equation(cf. Kenig, Ponce and Vega [20, 21]). The crucial point is 
that the fourth order Schrodinger semi-groups has the following local smoothing 
effects for n ^ 2: 

sup||e'*(^'-^^)uo||i2jKxQ<,) ^ (1.6) 
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where D^u = ^ ||(9f Qa is the unit cube with center at a G Z". The estimate 

p.6p was estabhshed by Kenig, Ponce and Vega in [20]. Since the estimate (II. 7p 
contains three order smoothing effect, with the method of Wang and Wang [33], 
we can control three order derivative nonUnear terms in (|l.ip . The estimate (|1.7p 
improves the local smoothing effect estimates of Hao, Hsiao and Wang [11], see 
Proposition 13.81 and Lemma l4. II for details. 

1.1 Main results 

In this paper, we mainly use the method in [33] to study the global well-posedness 
and the existence of the scattering operator of p.ip with small data in -B|]^,s > 
n/2 + 9/2. We now state our main results, the notations used in this paper can be 
found at the end of this part. 

Theorem 1.1. Let n ^ 3 and s > n/2 + 9/2. Let F{z) be as in (fO]) with2 + 8/n ^ 
m ^ M < oo. We have the following results. 

(1) If ||tio||_B| J ^ 5 for n 5, or ||^io||^s nH~^ ^ ^ n = 3, 4, where 5 > is a 

suitably small number, then (jl.ip has a unique global solution u G C(M, B21) H Xq, 
where 



Xn 



u : 



||Z)'5n||^M-3/2,^(^,^(j,^Q^)) < 5, \(3\ ^ 3 



Moreover, for n ^ 5, the scattering operator of (jl.ip carries the ball {u : ||ti||_B|^ ^ 
5} into B2 1 . 

(2) If s + 9/2 G N and ||no||_H''' ^ 5 for n ^ 5, or \\uo\\^s^jj-3/2 ^ 5 for n = 3,4, 
where 5 > is a suitably small number, then (jl.ip has a unique global solution 
u € C(M, H') n X, where 

Moreover, forn ^ 5, the scattering operator of (jl.ip carries the ball {u : ||u||_f/= ^ 
into . 

Next, we consider one spatial dimension case. Denote 
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Theorem 1.2. Let n = I, e = 0, M m 8, and uq £ B^^^""' n B^J. A 
that there exists a small 5 > such that jl^iollni+SA/ bi+sm ^ ^- Then p.ip has a 

global solution u £ X = {u £ S^'iM^^"^) : \\u\\x ^ 5}, where 
||n||x = sup ^ ^ Ajiill^ for m > 8, 



ssume 



\U\\x = > ( l|C^n||roor2nr.lO + SUP ^ \\\0^l^iU\\\.^) JOr 771 



i=0,3 ' «9^«^«A/ 



+ 2("-"''")-''||A.t;||LmLoc + 2(^~^'«)J'||A,- 



4 



H. Zhang 



Recall that the norm on homogeneous Besov spaces -B| ^ can be defined in the 
following way: 



j=-oo \ 



\ 1/2 

2i ^\S,\<2i+'^ j 



1.2 Notations 



Throughout this paper, we will always use the following notations. ^^(R") and 
stand for the Schwartz space and its dual space, respectively. We denote by 
L^'(M") the Lebesgue spaces with norms || • ||p := || • ||LP(Kn)- The Bessel potential 
space is defined by i?^(M") := (/ - A)-^/2lp(M"), H'{W') = HKW), H'iR'') = 
For any quasi-Banach space X, we denote by X* its dual space, 
by LP{I,X) the Lebesgue-Bochner space, := (// If ^ = 

then we write LP{I,U{^)) = L^L^il x Q) and Ll^{I x Q) = 1^1^(1 x n). 
Let Qa be the unit cube with center at a G Z", i.e., Qa = a + Qo,Qo = {x = 
{xi,...Xn) ■ —1/2 < Xi < 1/2}. We also need the function space £'i{L^Ll.{I x Qa)) 
with the norm 



We denote by ^ (^~^) the (inverse) Fourier transform for the spatial variables; by 
{'^i~^) the (inverse) Fourier transform for the time variable and by ^t,x i'^fx) 
the (inverse) Fourier transform for both time and spatial variables, respectively. If 
there is no additional explanation, we always denote by (pki') the dyadic decompo- 
sition functions as in (jl.Op : and by (Ta;(-) the uniform decomposition functions as in 
p. lip , u-kv and u*v will stand for the convolution on time and on spatial variables, 
respectively, i.e., 

{u'kv){t,x)= / u{t — T,x)v{T,x)dT, {u*v){t,x)= / u{t, X — y)v{t, y)dy . 
Jr Jr" 

Symbols M,N and Z will stand for the sets of real numbers, natural numbers and 
integers, respectively, c < 1, C > 1 will denote positive universal constants, which 
may be different at different places, a < b stands for a < Cb for some constant 
C > 1, a ~ 6 means that a < b and b < a. We denote by p' the dual number of 
p £ [l,oo], i.e., l/p + 1/p' = 1. For any a > 0, we denote by [a] the minimal integer 
that is larger than or equals to a. B{x,R) will denote the ball in with center at 
X and radial R. We denote Seit) = e^*(^'-^^) and ^4/ = £ Seit - T)f{T)dT. 

1.3 Besov spaces 

Let us recall that Besov spaces Bp g := i?p ,j(M") are defined as follows (cf. [2,28]). 
Let ip : — > [0, 1] be a smooth radial bump function adapted to the ball .6(0, 2): 

1, I^Ki, 

^{0 = { smooth, 1^1 E (1,2), (1.8) 
0, |C|^2. 



will be omitted in the definitions of various function spaces if there is no confusion. 
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We write 5{-) := — ip{2 •) and 

:= 6(2-^ ■) for j ^ 1; c^q := 1 - fj- (1-9) 

We say that Aj := ^~^(pj^, j G NU {0} are the dyadic decomposition operators. 
Besov spaces q — ^(M'^) are defined in the following way: 



1/9 

/G^'(M"): ||/b|„= |^2^^-^||A,-/||^) <^\. (1.10) 

7=0 



Let p S o5^(]R") and p : ^ [0, 1] be a smooth radial bump function adapted to 
the ball .6(0, \/n), say p(^) = 1 as |^| < \/n/2, and p{^) = as |^| > -y/n. Let be 
a translation of p: P/!c(0 = p{C — k), k e Z". We write (see [31-34]) 



We can define the space iX£%{Ll^{I X Qa)) with the following norm: 

oo / \ i/g 

A special case is s = 0, Ll{I x Q^)) = l\ea{L\Ll{I x Q„)). The rest of 

this paper is organized as follows. In Section 2, we give the details of the estimates 
for the maximal function in certain function spaces. Section 3 is devoted to consider 
the spatial local versions for the Strichartz estimates and giving some remarks on 
the estimates of the local smoothing effects. In Sections 4-5, we prove our main 
Theorems ll.mi.2t respectively. 

2 Estimates for the maximal function 

We give some estimates for the maximal function related to the fourth order 
Schrodinger semi-groups, an earlier time-local version is due to Kenig, Ponce and 
vega [19]. We give some time-global versions by using a different approach. These 
estimates are crucial in the proof of Theorems ll.mi.2t respectively. 

2.1 Time-local version 

Recall that Se{t) = e^*(^'-^^) = jr-ie^*(l«l*+^l«l')j^^, where 

(?i \ n 

Hao, Hsiao and Wang [11] established the following maximal function estimate 

( E ll'^^(*)"olli^,([0,T]xQ,) ) ^C{T)\\uq\\h' 

where s > n + 1/2, T G (0,1]. 
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2.2 Time-global version 

Recall that we have the following equivalent norm on Besov spaces [2,28]: 
Lemma 2.1. Let 1 ^ p,q ^ oo, a > 0, a ^ N. Then we have 

where A^f = /(• + /i) — /(•), [a] denotes the minimal integer that is larger than or 
equals to a, {a} = a — [a]. 



Taking p = q in Lemma I2.H we get 

i/3i<ki \mw\ ^ " ^ 

Lemma 2.2. Let 1 < p < oo, s > 1/p. Then we have 
The proof of lemma [T^ can be found in [33]. 

For the case e = 1, we recall some results of Guo and Wang [9]. For Si{t) = 
gii(A2-A)^ we have 

Proposition 2.3. Assume 2 ^ p ^ oo, ^-\--^ = l, l^q^ oo, 6 = ^ — ^, 
—2n5 ^ s' — s, then 



where 

m 



|^|imm(s'-s-2n5,0)^ < t ^ 1, 



In particular, if we choose s' = s = in the above proposition, then we have 

II^iWsIIbo <A:(t)||5||50 , 

where 

Combining (j2.ip with the Strichartz estimate in [9], we have an especial version 
proposition of Guo, Peng and Wang [9]. 

Proposition 2.4. Let Aif = j'^ Si{t - T)f{T)dT , for 2 p,q ^ ^, §(^-|)<f < 

ll'S'l(t)/||L^Lg(iRxR") ^II/IIl2> 

II^i/IIl?L?(MxR") -ll/llLfLg'(RxIR")' 

II^i/IIl-L2(IRxR") -ll/llLfLg'(RxM")' 

\\^lf\\^Ll(WxK^) ^II/IIl1L2(]8xM")- 
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When e = 1, the endpoint Strichartz estimate also hold. In fact, we have 

Proposition 2.5. Let n ^ 5, 2 ^ p, p ^ 2n/{n — 4)(2 ^ p, p < oo, if n = 4), 
4/7(.) = n(l/2 - I/-). We have 

ll'S'l(i)^i0|lL7(p)(]R,LP(Rn)) ^lko||L2(Rn), (2.2) 

\\-^iP\\l"i(p) (R,LP(R'^)) ^II-^IIl7(p)'(R,Lp'(IR"))- (2-3) 

Proof. Because the proof is similar to Keel and Tao [17], we only give the sketch. 
Let 2** = 2n/(n — 4), we need to prove 

\\Sl{t)uo\\L2(R,L2") < \\uo\\l2 (2.4) 
let no = v') for -0 G C°°. According to dual estimate, we need to prove 

-T 

(Siit)^, m)dt\ < MIl^ IIV'llL2(_r,T;L(2")') (2-5) 



By the TT* method and symmetry, (j2.5p is in turn equivalent to the bilinear form 
estimate 

\L{F,G)\ < ||-^|li2(_y_y.i(2")')||G'||^2(_'r_2-.i(2")') (2.6) 

Here L{F,G) = f f^{Si{t - s)F{s),G{t))dsdt, D = {{s,t) G [-T,T]'^,s^ t}. 

Now we take a procedure which is suit our proof, one can see Wang [30] for 
details. We decompose L{F,G) dyadically as J2j FjiF,G). Here 

Lj{F,G)= [ [ {Si{t- s)F{s),G{t))dsdt (2.7) 

J JDj 

For simplicity, we assume F,G £ C^{I),I = [— T, T]. From Proposition 12.31 for 
i + ^ = 1, 2 ^ p < oo, we have 

ll-^iW^^ollp < (|t|^ + |t|^)i"ino||p' (2.8) 
Using (j2.8p . similar to lemma 4.1 in [17], we can prove 

\L,{F,G)\ < [{2^T)M-''^ + (2^r)^^('^-'')]-i||F||^.(^„,)||G||^2(^..) (2.9) 

holds for all j € Z and all (i, |) in a neighbourhood of {-^j 

Here /3i (a, 6) = + ^^^^^ - 1 and /3i (a, 6) = + ^^^^^ - I. For later bilinear 
interpolation, we need 

Lemma 2.6. ( [2], Section 3.13.5(h)) If Aq, Ai, Bq, Bi,Co,Ci are Banach spaces, 
and the bilinear operator T is hounded from 

T-.AqxBq^Co 
T-.AqxBi^Ci 
T:AixBo^Ci 



then whenever < 6q,6i < 1,1 ^ p,q,r ^ oo are such that 1 ^ - + - and = 9q + 9i, 



viievei u ^ eg, cx ^ i, i ^ (/, / ^ uu are sucn niui i ^ ^ ' ^ 

one has 

T : (ylo, ^l)6lo,pr X {Bq, Bi)g-^^qj. {Go,Ci)g^r 
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To get the result we need, let Aq = Bq = ^{1^) and Ai = Bi = Lf{Lx^). We 
should make the following equations hold 

/3i(ao,ao)(l - 0) + /3i(ao,«i)^ = 

1 _ 1-6>1 I 02 



J2^ 
01+92 



There are enough space to choose 9i,92- For example, we can select 6*1 = 6*2 = | to 
make the above equations hold. 
Moreover, we also need 

/32(ao,ao)(l - v) + P2{ao, 0.1)1] = 
1 _ i-m I m 

(2**)' - a[, + a[ 

'ni + m = 'n 

the situation is similar, we omit it. □ 

For the semi-group So{t), we have the following Strichartz estimate (cf. [17]): 

Proposition 2.7. Let n ^ 4, 2 ^ p ^ 2n/{n — 4)(2 ^ p, p < 00, if n = 4), 
4/7(-) = n(l/2 - I/-). We have 

I|5'o(0^o|Il7{p)(k,lp{R")) ^lko||L2(iRn), (2.10) 

\\-^oF\\L~f(p){R,LP{R")) ^\\^\\l-iM'{R,Lp'{R"))- (^-H) 

If both p and p are equal to 2n/(n — 4), then p.lOp and ()2.1ip are said to be the 
endpoint Strichartz estimates. Using Proposition I2.4lf2.7l we have 



Proposition 2.8. Let 2* = 2 + 8/n. For any p ^ 2*,s > n/2, we have 

\ i/p 



^ \\uo\\h= 



Proof. For short, we wr ite (dt) = {L - 9|)i/2. By Lemma [221 for any sq > 1/2*, 

i/p / X 1/2* 



<||(ai)^°5,(t)no||^.*(j,,5n;o^(l,„)). (2.12) 

We have 

00 

fc=0 



Using the dyadic decomposition to the time-frequency, we obtain that 

'|l2*(M1+")- 



i=o 

For convenience, we M he{C) = + e\^\'^ . Observing that 

(^r'(^)'V,(r)) *e^*"^(€) = ce^*'^^(«)^,(/^,(e))(/^e(0>'^ (2-13) 
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and using the Strichartz's inequality and Plancherel's identity, we get 

oo 



j=0 

oo 

j=0 

oo 

<24/cso ^ \\^-^^^(h,{0)MO^.Uo\\L2JRny (2.14) 
j=0 

Combining (j2.12p with (j2.13p . together with Minkowski's inequaUty, we have 

1 1 (9t ) ^0 S'e (i )no 1 1 ^2* (K^B^^=o^_^ (]gn)) 
oo / oo \ 1/2 



j=0 \k=0 



< E ll^-~Vi(/i.(0)^^o|L(.+4).o. (2.15) 

,=0 

In view of i^("+4)'^o b!^^^^^^^' and Holder's inequality, we have for any p > 0, 



V ii^-Vi(/is(e))^^^oiL(n+4).o <E ii^-"Vi(/ie(e))^«oiiiT(.+4).o 

< 5]24^ni^-v,(/i.(0)=^noii^,„+4).o 



(2.16) 



By Plancherel's identity and the fact that supp99j(/ie(0 ) C : /ie(0 ^ [2J■-^ 2^+i]}, 
we easily see that 

/oo 

j;2^^ni^-v,(/i.(0)^^oii^,„+4).o I < Eii^^-(^))'v'.(^e(0)^^oii^(„+4).o 

^ E IIV'i(^£(6)^'"0||^(n+4).0+4p 

\i=o 

^ IKo|lH("+4)*io+4p- (2- 

Taking sq such that (n + 4)so + 4p < s, from (I2.14|) - (I2.17|) we have the result, as 
desired. □ 



By the sharp inclusion C L°° for s > n/2, it is obvious that Proposition 12.81 
is optimal in the sense that it does not hold for s = n/2. 

Using the ideas as in Lemma 12.21 and Proposition 12.81 we can show 

Proposition 2.9. Let 2* ^ p,q,r ^ oo, sq > 1/2* - 1/q and si > n(l/2* - 1/r). 
Then we have 

I E ) ^ II^o|Ih=i+4»o- (2.18) 
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In particular, for any q,p ^ 2* , s > n/2 — A/q, it holds 

Sketch of the Proof. In view of C -^^j it suffices to consider the case p = 2* . Using 
the inclusions F^o(M) C L'?(M) and 5^ip(M") C we have 

II^IIl'J(IR,L'-(Q^)) ^ IIU - ^t^)''°^^cr„u||^p(]jj^^^i^(ig„)). (2.19) 
Using the same way as in Lemma |2.2| we can show that 

( X] II^IIl'j(ir,l'-(q^)) ) ^ IK-^ ~ "^t^)^" ^""IlLPCR.B^ipCR"))- (2-20) 
One can repeat the procedures as in the proof of Lemma 12.21 to conclude that 

oo 

- dh'^^/^a^Se{t)u\\l^^^^^.^,^^^^^^ 

a6Z" ' j=0 

(2.21) 

Applying an analogous way as in the proof of Proposition 12.81 we can get 

oo 

^ ||^"Vj(^e(0)=^'"o|lH«i+4so(K") ^ ||'Uo||//si+4.o+4p. (2.22) 
i=0 

Combining ([2:20]) with ([222]), we immediately get (|2J8]) . □ 

3 Global-local estimates on time-space 

3.1 Time-global and space-local Strichartz estimates 

We need to make some modifications to the Strichartz estimates, which are global 
in the time variable and local in spatial variables. We always denote by S'e(t) and 
s^e the fourth order Schrodinger semi-group and the integral operator as before. 

Proposition 3.1. For n ^ 5, we have 

sup \\Seit)uo\\L2 (jjxQ^) ^IWoh, (3.1) 

sup K£i^||L2^(KxQ„) ^ Yl \\^\\l]lU*xQ^), (3-2) 



sup ||^£i^||L2^(RxQ„) ^ Y ll^llL?Li(iRxQ<,)- (3-3) 
Proof. In view of Holder's inequality and the endpoint Strichartz estimate, we have 

||5e(t)Uo||i2^(KxQ,) S\Ssit)Uo\\^2^2n/in-4)^^^Q^^ 
<||5e(t)M0||^24n/(n-4)(ig^Ig„) 

^\\uo\\lI{R")- 

Using the above ideas and the following Strichartz estimate 

ll-^^^llL^L^/f-^'CRxM") ~ll^llLiLi(KxM")> 
"■*^^^"l24"/("-*){RxR") ^II-^IIl2 4"/("+'''(RxR-)' 

one can easily get (|3.2p and □ 
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Remark 3.2. Using Proposition \2.4\ we can verify that Proposition \3. 1\ also holds 
for n = 3,4 when only consider the case e = 1. For example, taking q = 2,p = 8 in 
Proposition \2.4\ when n = 3 we can get the result desired. 

Since the endpoint Strichartz estimates are used in the above proof , Proposition 
13. II only holds for n ^ 5. It is not clear for us whether ()3.ip holds or not for n = 3, 4 
when consider So{t). It is why we need an additional condition that uq G H^^^"^ is 
small in the case n = 3, 4 . However, we have the following (cf. [19]) 

Proposition 3.3. Let n = 3,4:. Then we have for any 1 ^ r < 6/5 for n = 3, or 

1 ^ r < 4/3 forn = A 

sup \\Se{t)uQ\\L2 (iRxQc) ^ ™in(ll(-^)"^^^^o||L2(K"), lko||L2nLr(ig;n)). (3.4) 

Observing ()3.4p is strictly weaker than ()3.ip in the low frequencies. 
Proof. By Remark 13.21 and Lemma 13. 6|, it suffices to show that 

sup ||5o(t)uo|lL2 (MxQc) ^ IKo||L2nL'-(K")- (3-5) 
Using the unitary property in Lp' and the LP-LP' decay estimate of 5*0 (t), we have 
sup \\So{t)uQ\\L2jQ^) < (1 + l*l)^^^~^^ll^^o||L2nL'-(]R")- (3-6) 

Taking the L| norm in both sides of (|3.6p . we immediately get ()3.5p . □ 
Proposition 3.4. Let n = 3, 4. Then we have 

sup ||^£F||^2 jjjxQ^) < ^ \\F\\LlLl{WixQ^y 

Proof. Firstly, the case e = 1 holds by Remark 13. 2[ Secondly, we notice that 
sup ||5'o(t)no||L2(Q„) < (1 + |i|)^^^^lko||L2nL'-(R")- 

It follows that 

Koi^llL2(Q^) < / (l + |t|)-=^/^||F(r)||iinL2(Kn)dr. 
Using Young's inequality, one has that 

II-^o-^||l2^(rxQ^) ~ ll-^lliMK^-f-inLKR"))- (3.7) 
In view of Holder's inequality, (|3.7p yields the result, as desired. □ 

Remark 3.5. For n = 2, we can't establish the similar result as in Proposition \3.4\ 
So our results can't cover this case. 
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3.2 Note on the time-global and space-local smoothing effects 

Kenig, Ponce and Vega [18, 19] obtained the local smoothing effect estimates 
for the Schrodinger semi-group e**^, and their results can also be developed to the 
fourth order Schrodinger semi-group e**^^ -eA) ^^iq basis of their results and 
Proposition 13.11 we can obtain a time-global version of the local smoothing effect 
estimates with the inhomogeneous differential operator (I — A)^/^ instead of the 
homogeneous one V, which is useful to control the low frequencies parts of the 
nonlinearity. 

Lemma 3.6 (cf. [18]). Let Q be an open set in M", (p be a C^{i^) function such 
that V0(^) 7^ for any ^ ^ fl. Assume that there is a N £ 'N such that for any 
^ := (^1, ...,^„_i) G M""^ and r G R, the equation ^fc, x, ^fc+i, ^n-i) = r 

has at most N solutions. For a{x,s) G L°°(M" x M) and f G y{W^), we denote 



W{t)f{x)= / e^(*<^(«)+-«)a(x,<A(0)/(OdC, 
Jn 

then for n ^ 2, we have 

l|H^W/(^)llL?,jMxiJ(o,ii)) ^ CNR'/^\\\V<p\-'/y'h2^n)- (3-8) 
Corollary 3.7. Let n^b, Se{t) = e**(^'-^'^). We have 

sup l|5'£(t)Mo|lL2^(RxQ„) <lko||//-3/2, (3.9) 



For n = 2,3,4, (fXTUI) also holds if one substitutes H^/"^ by H^/'^. 

Proof. Let = M"\S(0, 1), (pi^) = |^|^-he|^P and ip be as in ([THl), a(x, s) = l-V(s) 
in Lemma ESI Taking W{t) := Se{t)^~^{l - from we have 

sup \\Se{t)^-Hl - V)=^^^0|Il2 JMxQ.) < IIICr'/'^^0|lL2{RnB(0,l))- (^-H) 

Using Proposition 13. 1|, we have 

\\Ssit),^~'^^^Uo\\LlJRxQ^) ^ll^"V=^^io||L|{R") ^ II^o|Il2(B(0,2))- (3-12) 

Combining (j3.1ip with ()3.12p we have p.9p . as desired. (|3.10p is the dual version of 

ra. □ 



Using the method of Kenig, Ponce and Vega [19] and a modification of Hao, 
Hsiao and Wang [11], we can prove the following local smoothing effect estimates 
for the inhomogeneous part of the solutions of the fourth order Schrodinger equation. 

Now we turn to consider the inhomogeneous Cauchy problem: 

idtu = A^u-eAu + F{t,x), t G M, a; G M", (3.13) 
u(0,x)=0, (3.14) 

with F G ^(M X M") and e = 0, 1. We have the following estimate on the local 
smoothing effects in this inhomogeneous case. 
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Proposition 3.8 (Local smoothing effect: inhomogeneous case). For any multi- 
index v, \u\ = 3, the solution u{t,x) of the Cauchy problem (j3.13p - (|3.14p satisfies 



sup ||l?Mi,^)llL2,(MxQc) ~ Yl W^hlJRxQ^y (3-15) 

Proof. Separating 
and 



u = 

a 



where is the corresponding solution of the Cauchy problem 

idtUa = A'^ua - eAua + Fc,{t, x), teR,xe W^, (3.16) 
Ua{0,x) = 0, (3.17) 

we formally take Fourier transform in both variables t and x in the equation ()3.16p 
and obtain 

Ua{T, = -f7iT^T?TI' ^^^^ " ^ 

r - e\C\^ - |^|4 

By the Plancherel theorem in the time variable, we can get 

sup \\D''upit,x)\\L2 jM.xQc.)= sup ||L»^^t^i/3(r,x)|U2 (KxQ„) 

/^_^>ML^ II 



OO / t!/ \ \ 1/2 



= S U. 1^^"' l r-.|g-|el' ^--'-- «') ■ <^-'^' 

In order to continue the above estimate, we introduce the following estimate. 
Lemma 3.9. Let M.f = ^^^m{^)^ f and m{^) = —4 for r > and e G 

l-er-2|5|2-|5|4 

{0, l},|i^| = 3, where ^{^~^) denotes the Fourier (inverse, respectively) transform 
in x only. Then, we have 

1/2 

// I.,/ Ni9,\ ^^^11 ii9,\ 

sup 



JQc J \JQt3 ) 



where R is the size of Qa ■ 

Proof. Since the proof is similar to Hao, Hsiao and Wang [11], we omit it. □ 
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Now, we go back to the proof of Proposition EiHl We first consider the part when 
r > in dSHBD, i.e., 



i — |2 



1/2 

\ 1/2 



r4 2 sup / ^ I / e*^'' ^ Fp{T,T iri)dr]\ dydr 

1/2 



/ r 4 2 sup /"^ |>l^tF^(r,r 4y)|2dy(ir) 
<(/" |^tF^(T,r-3y)|2dydr I 

\J0 -'r3Q^ y 



< 



\ 1/2 

\^tF{T,x)\^dxdT ) 

-'q^ y 



where we have used the changes of variables, Lemma 13.91 and the identity 

(^-iF^(r,rir/))(r,y) = r-t^tF^(r, r-^y). 

For the part when r € (— oo,0) in ()3.18|) . it is easier to handle since this corre- 

sponds to the symbol { , which has no singularity. 

l+e|Tr2|,7|2+|^|4 

Therefore, we obtain, by the Plancherel theorem, the Sobolev embedding theo- 
rem and the Holder's inequality 

sup Wup{t,x)\\i^2 j^^Q^) 

1/2 / „ \l/2 



< 



/ / \^tF(T,x)fdxdT\ < / / \.^tF(T,x)fdTdx 

J-OOJQ0 y \jQft J -00 



which implies the desired result (|3.15|) . In general, the solution n(t, x) of (j3.13p may 
not vanish at t = 0, we can dealt with this case by the method of Hao, Hsiao and 
Wang [10]. □ 



4 Proof of Theorem 1.1 

Lemma 4.1. (Sobolev Inequality). Let Q C be a bounded domain with dQ G C"^, 
m, ^ G N U {0}, 1 ^ r,p,q ^ 00. Assume that 

I ^ 1 i m, l-e 

-^0^1, = e{ + . 

m p n r n q 



Then we have 



J2 ll^^^lli^(f^) < Ml4n)\Mwrm^ 



where = E ll^'^^llL'Xf^)- 

\0\€m 
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Proof of Theorem 1.1. For simplicity, we first consider a simple case s = [^] + ^ and 
there is no difficult to generalize the proof to the case s > ^ + | with s + 1/2 G N. 
We assume without loss of generality that 

^((5"^^)|a|s;3>(5°^)|a|sC3) 

=F((5-n)|,|^3) 

ARa,Ri,R2,R3 

where Ri,ai {i = 1,2,3) are multi-indices, |aj| = i {i = 1,2,3) and 

ARo,i?i,i?2,fl3 = {{Ro,Ri,R2, Rs) ■.m + li^Ro + \Ri\ + |i?2| + li^sl ^ M + 1}. 

Since we only use the Sobolev norm, u and u have the same norm. Hence, the 
general cases can be handled in the same way. Denote 

Xl{v) ■ = \\v\\i^(^LlJRxQc,))^ 

Put 

u : Yl Ai(L»^n) +YY1 ^ Q 

[n/2]+7 |/3|<;3j=2,3 

Considering the mapping 

: u{t) ^ S,{t)uo - i<F((9»|„|^3), (4.1) 

we show that J7 : ^„ ^„ is a contraction mapping for any n ^ 3. 

Step 1. For any u G we first estimate Ai (Z^^^^n) for |/?| ^ 7 + [§]. Using 
Lemma |4.H the cases |/3| = 1 and = 2 can be dominated by terms of the cases 
\P\ = and \P\ = 3. Thus, we only need to consider the cases \f3\ = and |/?| = 3. 
We split it into three cases as the following. 

Case i. n ^ 3, 3 ^ ^ For simplicity, we denote = Arq^/j^^/Jj^Rj. In 

view of Corollary 13.71 and Proposition 13.81 we have for any /? with 3 ^ ^ 7 + [^] 
that 

XiiD^^Tu) 

< 1 1 S'e (t ) D'^Uo 1 1 (£,2 jjj X Q„ )) 

|/3|s;4+[f] ael" 

(4.2) 

For simplicity, we only consider the case {D°'^u)^^ {D"''^u)^'^(D°'^u)^'^ = (d^j^u)^^ 
in ()4.2p and the general case can be treated in an analogous wa3a. So, one can rewrite 
21) as 



Y X,{D^^u)<\\no\\Hs+ Y E E II^''[^''°(C^)''^]IIlL{MxQ„)- 

3sS|/3|a+[f] l/3K4+[f] A^ aGZ- 



One can see below for a general treating. 
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Observing that 

\D'^[u^id^,u)^'']\< Yl \D^^u---D^^uD^^^^+^{dl^u)D^R{dl^u)\. (4.3) 
By Holder's inequality, we get 

Ho R 
/3i+...+/3^«=l i=Ro+l 

(4.4) 

where 



Pi 



m/m, lAi^i, 

oo, \6i\=0. 



It is clear that for 6i = |/3j|/|/3|, 



1 



Pi n 2 n oo 

Using Sobolev's inequality, one has that for Ba = {x : |x — a| ^ ^/n} 

II^^^(C«)IIl-(Q.) ^ ^ = Ro + l,■■■ ,R. (4.6) 

Since 

R 

Ye, = i, Y{i-e,) = R-i, 

i=l i=l 

by (fO]) - (fi3]) we have 

l/3K4+[2] 



l7l^7+[f] |/3|=S3 
It follows, from (jTe]) and f^* c that 

E E p''[^^"(C^)''^]iil?,jrxq.) 

~ E E II^^^IIlL(RxS<.) E ll^^^lli?°.(KxB<,) 

< E E A2(i?^^)^-^ 

l7la+[f] l/3|^3 

Hence, in view of (j4.2p and (j4.7p we have 

M+l 



E Ai(Z?^=^^x) < llnok. + E 

3^|/3|a+[f] R=m+1 



R 
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Case 2. b and = 0. By Corollary 13. 7^ the local Strichartz estimate ()3.2 
and Holder's inequality, we obtain 



\i{Sru) 



< 



|5£(t)uo||£^(L2^(RxQ„)) + II-<4-^((5"-u)|q,|<;3)||^^(^2^(]JxQ^)) 
\uo\\l^+ ll-^((^»|a|<3)llLiL2{RxQ„) 



M+1 
M+1 

kiil2+ E E E E ^^(^''^)^"' 

i?=m+ll7l^3 i=2,3|/3|<3 
M+1 

ko||L2+ E 

_R=rri+l 

Case 3. n = 3,4, |/?| = 0. By Propositions 13.31 we have 
Ai(^^)<||no||^-3/.+ E 



Using the same way as in Case 2, we have 

Xi{^u)<\\uo\\h-^/2+ E s""- 



M+1 



(4.8) 



R=m+1 



Step 2. We consider the estimates of X2{D^ ^u) for ^3. Using the estimates 
of the maximal function as in Proposition 12.81 we have for ^ 3 and < p ^ 1 

<||Z)%||^„/2+,+ E ll^^^((5»|a|<3)llLi(R,//np+p) 
l/3|^3 

(4.9) 

|/3|^4+[n/2] aGZ" 

Applying the same way as in Step 1, for any ^ 4 + [n/2], we can get 

M+1 

E ii^^i^((9»H<3)iiLi(B.)< E Eii^'^iifg^; 



R=m+l l/3|^3 



(4.10) 



|7|^7+[n/2] 

By Holder's inequality, we have from (j4.9p that 

M+1 

p^F((a-n)|„|^3)|Li^.(^,e^) < E E II^^^IIl?,JMxB.) 

R=m+1 |7l^7+[n/2] 



l/3|^3 



(4.11) 
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Summating ()4.10p over all a E Z", we have for any |/3| ^ 4 + [n/2] 

q|<3)IIlJl2(]KxQ^) 

M+1 
M+1 

i?=m+ll7l^7+[n/2] |/3|^3aeZ" 
M+1 

^ E E Ai(Z)-n) j;(A,(Z)V-i + A3(I?^n)«-i) 

i?=m+ll7la+[n/2] 1/31^3 
Af+1 

^_E 

R=m+1 

Combining (Oj) with (|4.11l) . we get 

M+1 

l/3|^3 _R=m+l 

S'iep 5. Now, we estimate X^iD^STu) for ^ 3. In view of Proposition 12. 9t 
one has that 

Jjn / 2-2/ m + p -\- ^ ^ 1 1 -^'^^ ( (^x | O | ^;3 ) 1 1 ^1 {M,//"/^- 2/m + p (JJn-)-) 

l/3|=s;3 

<||no||j:^„/2+3+p + ^ E II^^^((^"^)|"I^3)IIl1L2(RxQ„))> 
|/3|<4+[f] aeZ" 



which reduces to the case as in (j4.8p . 

Therefore, collecting the estimates as in Step 1-3, we have for n ^ 5 

M+1 

Y Ai(D^=^tx)+^ ^A,(Z)'3^u)<||txo||H=+ 5] 

I/3K [n/2]+7 |/3|^3i=2,3 /e=m+l 

and for n = 3, 4 

M+1 

Y Ai(D^^n) +YY. UD^-^^) ^ lko||^,.nH-3/2 + Y 

\j3\^ [n/2]+7 |/3|<3j=2,3 R=m+l 

It follows that for n ^ 5, T : ^„ ^ ^„ is a contraction mapping if both q and 
llnoll/f*' are small enough (similarly for n = 3,4). 



Before considering the case s > n/2 + 9/2, we first recall a nonlinear mapping 
estimate (cf. [33]). 
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Lemma 4.2. Let n ^ 2, s > 0, K ^ N. Let 1 ^ p,pi,q,qi ^ oo satisfy 1/p = 
1/pi + {K - l)/p2 and l/q = l/qi + {K - l)/q2. We have 

K 

k=l 

^ n ll^*ll4e-i(L?2L?2(MxQ„))- (4-12) 
i^k,i=l,...,K 

Lemma 4.3. Let n ^ 5, for any s > and any multi-index a, we have 

|o|=0,3 
|a|=0,3 

Proof. In view of Corollary 13.71 and Propositions 13.11 and 13.81 we have the desired 
results. □ 

Lemma 4.4. let n = 3, 4, for any s > and any multi-index a, we have 

|a|=0,3 

Proof. By Propositions 13.3 1 13.41 and 13.81 we have the results, as desired. □ 

We now continue the proof of Theorem 11.11 and consider the general case s > 
n/2 + 9/2. We write 



i=0,3 



«=0,3 



«=0,3 

&={v: Y AiW^rf- (4-13) 

i=l,2,3 

Note Aj and ^ defined here are different from those in the above. We only give the 
details of the proof for the case n ^ 5. The cases n = 3, 4 can be showed by a slight 
modification. Let ^ be defined as in (j4.ip . Using Lemma 14.31 we have 

For simplicity, we write 
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and R = Rq + \Ri\ + I-R2I + l-Ral- Here \ai\ = i {i = 1,2,3) are multi-index. By 
Lemma 1321 we have 

3 \ / 3 



< 



Using Lemma |4.H the terms of |a| = 1,2 and = 1,2 in the above can be domi- 
nated by that of \a\ =0,3 and = 0,3, respectively. Therefore, we get 

\l"l=0,3 / \|/3|=0,3 ^ 

Hence, if u G in view of (j4.14p and (j4.16p . we have 

Ai(=^^)<||^ob|,,+ E (4.17) 

m+l^|_R|^A/+l 

In view of the estimate for the maximal function as in Proposition 12.81 one has that 

X2{Se{t)uo)<\\uo\\Bl,, (4.18) 

and for multi- index \a\ = 0, 3 

00 „ 

/ II O/'-t _\/A na T7i\ /—Ml 

.)) 



^"^ll£kC(Lr.{KxQ.))^E / l|5(i-r)(A,Z)"F)(r)||,..(^c»^(i,,Q^ 

00 „ 

<E / ||(A,Z)-F)(T)||^.-«/.(Kn)dr 
<^2(-3/2), / ||(A,.F)(^)||^ d^. (4.19) 



j=0 

Hence, by and (liTSj) . it follows 

A2(^n) < llnollBi, + ll^ll,^^-3/^,.(^ii.(MxQ.))- (4.20) 
Similar to (I4.19p . in view of Proposition 12.91 we have 

M-^n) < WuoWbi, + ll^ll,M-3/^,i(Lj,.(MxQ.))- (4-21) 
In view of Lemma 14.11 and 14.21 we have 

ll^ll4^-^/^€^{LiLi(RxQ<,)) 

Hence, if u G we have 

X2{^u)+X3{^u)<\\uo\\bi^+ E 

Repeating the procedures as in the above, we obtain that there exists a unique 
u & satisfying the integral equation c'^u = u, which finishes the proof of Theorem 

im □ 
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5 Proof of Theorem 1.2 
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We prove Theorem 11.21 by following some idea as in Wang and Wang [33]. The 
following is the estimate for the solutions of the fourth oredr Schrodinger equation, 
see Kenig, Ponce and Vega [18] and Hao, Hsiao and Wang [10]. Recall that Aj := 
^-^6{2~^-)^, j E Z and 6{-) are as in Section O 



3j 



Lemma 5.1. Let g £ y{R)J G ^(M^), we have 

l|AjS'o(t)5||L-L2nLW <||Aj5||2, (5.1) 

l|A,5o(i)5llLSLr^2^^5-i)||A,.g||2, (5.2) 

l|A,5o(i)5llLso^2<2-¥||A,g||2, (5.3) 

l|Aj=5/o/|lL-LinLW ^l|Aj/||^io/9, (5.4) 

l|A,M)/||LSLr <2^'^^"^)||A,/|| ,0/9, (5.5) 

^ x,t 

I|A,M)/|Ilsol? <2-¥||A,/|| 10/9, (5.6) 

and 

l|A,^o(9^/)||L^LinLio^ <2^||A,-/||i,i2, (5.7) 

l|A,i/o(a,V)||iPz.r ^2^2^'^^'^^l|A,/||iiL2, (5.8) 

\\A,s^o{dlf)h^L^ <\\^jf\\LlLl (5.9) 
For convenience, we write for any Banach function space X, 

Now we recall a result of Wang and Wang, see [33] . 

Lemma 5.2. Let s > 0, 1 ^ P,Pi,^,^i ^ oo satisfy 

1 _ 1 1 1 _ 1 1 

P Pi "' Pn' 7 71 " in' 

then 

N 



i=2 

ij^2,i=l,...,N 
N-1 



+ ■■■ + ll^iv||^M(iPiv^7iV) Yl Me^iL^'L]^)- (5-10) 

i=l 

In particular, if ui = ■ ■ ■ = = u, then 



N 

2 = 2 



Replace the spaces LxL'J and Ijx^LJ'' by L^Lx and L'J''Lx% respectively, ()5.10p and 
([ETT]) also hold. 



^11- < ,-..^Yl\\u\\^P^^'ri. (5.12) 

i=2 
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Remark 5.3 ( [33]). One easily sees that (15.1111 can be sightly improved by 

N 

In fact, from Minkowski's inequality it follows that 
From Lemma \5.S\ and (j5.13p , we get (j5.12p . 

Proof of Theorem We can assume, without loss of generality, that 

where R is as before. 

Step 1. We consider the case m > 8. Recall that 



\u\ 



x= sup_ Y.Y.\\^^^M\s. (5.14) 



.3i 



W^Mls :=2^^(||Aji;||ic»^2nLio^ + 2 2 || Ajt-H^c^^a) 
Considering the mapping 

we will show that ,9^ : X ^ X is a contraction mapping. We have 

l^uWx < \\Soit)uo\\x + ||M)i^((a»|„|^3, idy)\^\^,)\\x. (5.15) 
In view of (f^ . ([^ and (f^ . we have 

|||a;A,5o(i)no|||s <2^^||9;A,-^xo||2. 

It follows that 

l|5o(t)t^olk < sup ^ ^2^^'||a;A,-no||2< Ikoll^a+.-^^nij^^. (5.16) 

We now estimate ||=2^o-^((<9x ^)l«K3) (^"^)laK3)llx- Using (15. 4p . (15. 5p and ()5.6p . we 
have 

|||A,(^oi^((a>)i,|^3, (5."t2)|,i^3))ll|. < 2^-'||A,F((a>)|„i^3, (5°n)^ 

(5.17) 

From (IS3D, dSSl) and dSS]), it follows that 

|||A,(^05.3^((5»|„|^3, (5."^i)|„|^3))ll|s < 2^^23^V2||A^.F((a°n)|,|^3, (5"^)|a|<3)llLiL?- 

(5.18) 

Hence, from (|5?T4]) . (fSTf]) and ([5?T8]) we have 

KoF((5»H^3,(5°^2)h^3)IU 

<2^^||A,F((a»|„|^3,(5,"n)|„|^3)ll^io/9 

+ 2^^23^/2|| A,F((a»,„|^3, (9."ti)|„1^3)llLiL,2 =/ + //. (5.19) 
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Now we perform the nonlinear estimates. By Lemma 15.2^ we have 
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^Ai^t,, )i=o,2,3 ^ 

3 3 ^ i R \ 

/ 3 \ / 3 \ 



< E E ii^>ii.-(L- ) E ii5>iiriM.-,/.. 



By Sobolev imbedding theorem, we have 



E E \\d>\\e^^iLloj E l|5>liri^(.-,/.. • (5-20) 



For any m ^ A ^ M, let p = ^ — Observing that the following inclusions hold: 



Lr (M, H'^) n Ll^Hl^) C Lf /^R, ij^^) C l'J;/\ (5.21) 



More precisely, we have 



kSTWA 11^/^ HA 11^-8/^ 



^ll^ll'M.(^,„^)ll«ll,y/'^^^^,)- (5.22) 
Using (j5.22p and noticing that Sm ^ •^^-i ^ sm < smi for i = 0, 3, we have 

ll^^ll^^'^AM S\diu\f(i „ <lkll5~^- (5.23) 
Combining (I5.20p with (15.230 . we have 
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Now we estimate the term II. By Lemma [521 we have 
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3 



m+l^R^M+l " " i=l 



i=0 

3 \ / 3 



As before, we have 



m+l<:/?^Af+l V=0,3 / \t=0,3 



m+l<^R^M+l \i=0,3 

Collecting ([539]) . dOOj) . (15:24]) and dOG]) . we have 

Koi^((a,"n)|,|^3,(5"^)H<3)IU< E ll^lli (5-27) 

By (I5l5]) . (pl6]l and ([SSZD, it follows 

S'iep We consider the case m = 8. Recall that 



I^IU = V (||9>||L?°L2nLio + sup V|||<9>|U; 

i=0,3 ^9^*^*Afjg^ 



By dSl]), (lEl and ([ES]), we get 

ll^oW^olU < ||txo||L2 + sup J] J]2^^||4A,tXo||2 < |ko||^3+, 



M 



We now estimate ||i2/o-^((f^"'w)|o|^35 ('9"^)|a|^3)l|x- By Strichartz's and Holder's in- 
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equality, we have 

1 1 -K^) -F ( ( 9» I I ^3 , (5" I a I s;3 ) 1 1 L2 nLiOj 



' (t^X^)|Q|<3) 11^10/9 

3 \ / 3 



3 



S E Elis>ll.;., Elia>ll5.W;« 



3 



R 



R 

^ E I E ii^>ii^-. I + E I E I ( E \\9>'''-' 



9^R^M+l V=0,3 / 9^R^M+1 \«=0,3 / \ j=0,3 



(5.28) 

Applying (fO^I) and (fOS]) . it imphes that 

Koi^((5»|,|^3,(5:n)|,|^3)llL-LinL5 < E ll^ll^- (^-29) 

9^/j^A/+l 

Using Bernstein's inequality and (15. 7p . it follows that 
l|5xM)-F((9"n)|^|^3,(5^u)|„|^3)||^^^^2nLio^ 

^||P^l(^09M(9»|a|^3,(5:n)|.|^3))llLrLinLi0^ 
+ ll^>l(-«4)5^i^((5»|^|<;3, (9"u)|<,|^3))||i^^i2nLW 

<||^0^((«9»|«|<;3,(9°'u)|„|^3)llL-L2nLW 

+ j;23^V2||A^.F((a»H^3,(9:^)H^3)llLiLf 
<||^0^((5"M)|„|<;3,(9°n)|„|^3)||ic»i2nLW 

+ ^2^'-23^V2||A^.F((5»|,|^3,(9°u)|,|^3)||^i^2 =m + /y. 

The estimates of /// and IV have been given in (j5.29p and (|5.25|) , respectively. We 
have 

||93^oi^((a^u)|«l<;3,(9°u)|«l<;3)||ic»^2nLW < ^ 

9^R^M+1 

We have from (^;2)-<^M and i^l^-(^M) that 

5] III A,-(^oF((9,"n)|„|^3, (5:n)|«|s:3))lll. 

<5^2^^||A,F((a»|,|^3,(9,°u)j,|^3)||^io/9, (5.30) 

III A,(=g/o5,3i^((a»|,|^3, (9^^)|a|^3))ll|. 

<^23^-/22^i||A,.F((5»|,|^3,(9."u)|„K3)llLiL?, (5.31) 
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holds for all s > 0. The right hand side in ()5.31|) has been estimated by ()5.25p . 
Thus, it suffices to consider the estimate of the right hand side in (j5.30p . let us 
observe the equality 

= ^^RoRiR2R3U^°'>^x''^x>xxx+ ^RoRiR2R3U^''Ux'Ux>xL 
R=9 9<R<A/+1 

=V + VI. 

For any sg ^ s ^ sjv/, VI has been handled in ()5.2ip - ()5.24p : 

^2^^||A,F((a»|„|^3,(5."^)|„K3)ll4o/9 < Yl Mx- 

9<R<M+1 JGZ ' 9<R<M+1 

For the estimate of V, we use Remark 15.31 and get for any sg ^ s ^ sm, 

j;2^^||A,-(^.««ni?^ni?Jni?JJ|| < ||5>||^ioJ ( E ll^>ll^^=(L- ) ) ^ Mx- 

R=9j& \i=0 / \j=0 / 

Summating the estimates above, we obtain 

\\^u{t)\\x <\\uo\\^-a+iM + Y] ll^ll^- 

Hence, we have the results, as desired. □ 
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